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A Copula-based Granger Causality Measure 
for the Analysis of Neural Spike Train Data 

Meng Hu, Wu Li and Hualou Liang 

Abstract—In systems neuroscience, it is becoming increasingly common to record the activity of hundreds of neurons 
simultaneously via electrode arrays. The ability to accurately measure the causal interactions among multiple neurons in the 
brain is crucial to understanding how neurons work in concert to generate specific brain functions. The development of new 
statistical methods for assessing causal influence between spike trains is still an active field of neuroscience research. Here we 
suggest a copula-based Granger causality measure for the analysis of neural spike train data. This method is built upon our 
recent work on copula Granger causality for the analysis of continuous-valued time series by extending it to point-process 
neural spike train data. The proposed method is therefore able to reveal nonlinear and high-order causality in the spike trains 
while retaining all the computational advantages such as model-free, efficient estimation and variability assessment of Granger 
causality. The performance of our algorithm can be further boosted with time-reversed data. Our method performed well on 
extensive simulations, and was then demonstrated on neural activity simultaneously recorded from primary visual cortex of a 
monkey performing a contour detection task. 

Index Terms—Granger causality, copula, contour integration, multielectrode recordings, neural spike train analysis 
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1 INTRODUCTION
NDERSTANDING brain function requires monitor-
ing and interpreting the activity of large networks of 

neurons during behavior. Advances in recording technol-
ogy have made it possible to simultaneously collect the 
activities of multiple neurons. Assessing the statistical 
interdependence among these signals poses important 
challenges in neuroscience [1], [2].  

For spike train analysis, the commonly used methods 
for detecting neuronal correlations are histogram-based, 
which include the cross-correlation histogram [3], the 
joint peristimulus time histogram (JPSTH) [4], [5], the 
cross-intensity function [6] and the shuffle-corrected 
cross-correlogram [7], [8] etc. There are also other meth-
ods for detecting particular spike timing relations be-
tween neurons, for example, the frequency domain esti-
mates of coherence [9], [10]. These methods reveal a great 
deal about neural interactions, yet are limited to detect 
only linear dependencies, and thus might fail to capture 
nonlinearities between spike trains. 

The model-based techniques such as generalized linear 
model (GLM) [11] are a powerful framework to provide 
an alternative approach for simultaneous analysis of mul-
tiple spike trains based on maximum likelihood principle 
[12], [13], [14], [15], [16]. A limitation to the model-based 
approach is that GLM usually contains many parameters 
that could overfit the data [17], though Bayesian approach 

offers a potential remedy to this problem by incorporat-
ing prior knowledge about the nature of the influences 
[18].  

All the methods aforementioned offer little insight into 
the directional nature of neural interactions. Granger cau-
sality (GC) has proven to be an effective tool in revealing 
directional influences of neural interactions. The basic 
idea of this method was introduced by Wiener [19], and 
later formalized by Granger [20] in the context of linear 
regression models of stochastic processes. Specifically, if 
the past of one time series can be used to facilitate the 
prediction of the future of another time series, then we 
say there is a Granger causal influence from the former to 
the latter [20]. A spectral formulation of GC [21] can be 
readily applied to neurophysiological data because causal 
influences between neuronal populations often depend 
on frequency-specific oscillatory synchrony [22]. Recent 
work has further expanded the application of Granger 
causality (For review, see [23]) to neural spike train data 
[24], [25], [26], [27], [28].   

 Despite its significant progress, Granger causality is 
mainly limited to the detection of linear cause-effect rela-
tionship, and does not quantify high-order causality as it 
merely measures the Granger causality in mean. Until re-
cently, a copula-based Granger causality [29] has been 
introduced to capture both nonlinear and higher-order 
causality. Central to this method is the predictability of 
time series, which is represented by conditional probabil-
ity distribution. In the method, Granger causality from a 
time series X to Y is assessed by comparing the predicta-
bility (likelihood) of time series Y with and without in-
formation from the history of the other time series X. If 
the likelihood ratio is less than one, there is causal influ-
ence from X to Y, and if the likelihood ratio is one, there is 
no causality. The causal influence in the opposite direc-
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tion (from Y to X) can be analyzed in a similar way. Such 
definition is essentially to assess Granger causality in distri-
bution, which is in stark contrast to conventional Granger 
causality in mean. Under normal assumption, this log-
likelihood ratio based method is reduced to the regular 
linear GC measure. The major advantage of this method 
is that it is model-free, thus can be used to reveal nonline-
ar, high-order causality.   

In this work, we propose a Granger causality measure 
for the analysis of neural spiking data based on the statis-
tical concept of copula. Our proposed method is a direct 
extension of the recent work on copula Granger causality 
for continuous time series [29] to the analysis of the point 
process, i.e., spike trains. As such, our method is able to 
capture nonlinear and high-order causality in the spike 
trains while retaining all the computational benefits such 
as model-free, efficient estimation and variability assess-
ment of Granger causality. The performance of our meth-
od can be further improved with time-reversed time se-
ries. The proposed method was first tested on extensive 
simulations, which showed that our method is able to 
correctly identify the causal relationship of spike trains 
generated by both linear and nonlinear regression models 
with different forms of heteroskedasticity (time-varying 
variance). Our method was then applied to neural spiking 
activity simultaneously recorded from primary visual 
cortex of a monkey performing a contour detection task 
[30]. 

2 METHODS 
2.1 Copula 
In probability theory, a copula is a function that links 
(couples) the univariate marginal distributions to a multi-
variate joint distribution. With copula, one can dissociate 
the marginal distributions from their joint density distri-
bution and, therefore, focus on only statistical depend-
ence between variables. Sklar’s theorem [31] is central to 
the statistical theory of copula, stating that any multivari-
ate distribution can be expressed as the copula function 
evaluated at each of the marginal distributions. Formally, 
let 1( ,..., )NX x x= be a vector random variable with corre-

sponding probability distribution F defined on NR . The 
copula associated with F is a distribution function C: 

  [0,1]N → [0,1]  that satisfies 

  F( X ) = C(F1(x1),..., FN (xN )), X ∈RN . If F is a continuous 

distribution on NR with univariate marginals 1,..., NF F , 
then 1 1

1 1( ) ( ( ),..., ( ))N NC u F F u F u− −=  is unique. Assuming 
that F has N-th order partial derivatives, its probability 
density function can be obtained from the distribution 

function via differentiation: 
1

( )( )
...

N

N

F Xf X
x x
∂=
∂ ∂

. The proba-

bility density function can be rewritten in terms of deriva-
tives of copulas: 

  
  
f ( X ) = ∂N F( X )

∂x1...∂xN

= ∂N C(u)
∂u1...∂uN

∂ui

∂xii=1

N
∏ = c(u) fi (xi )

i=1

N
∏ , where 

  
c(u) = ∂N C(u)

∂u1...∂uN

 is referred to as copula density function, 

and ( )i if x  refers to the individual marginal probability 
density function. From this equation, we can see that the 
copula function, independent of the marginal distribu-
tions, represents the whole dependence structure between 
variables. 

2.2 Copula-based Granger causality for spike 
trains analysis 
Granger causality is a statistical measure of directional 
influences based upon the fundamental concept of pre-
dictability in time series analysis. Specifically, assume X, 
Y are the samples of stationary stochastic process, a null 
hypothesis of causality YàX can be described as: 

( ) ( ),present history history present historyf X X Y f X X=  , where f refers 

to conditional probability density, historyX  and historyY  rep-
resent, respectively, the past history information of Y and 
X. The left side of this null hypothesis can be considered 
as the predictability of X with information from the histo-
ry of both time series, whereas the right side refers to the 
predictability of X by its own history. Following the basic 
idea of Granger causality [20], we can define a measure of 
Granger causality in terms of log-likelihood ratio as:  

 
( )

( )
,

log
present history history

Y X
present history

f X X Y
GC E

f X X→

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
  (1) 

where E is the expectation operation over sample space. 
The major advantage of such definition is that it is based 
directly on the estimation of probability without explicit 
model involved, thus able to detect nonlinear, high-order 
causality.  

In this work, we propose the use of copula to estimate 
the Granger causality in (1) for the analysis of neural 
spike train data. Our method is built upon our recent 
work on copula Granger causality [29] for the analysis of 
continuous-valued time series by extending it to binary-
valued neural spike train data. For spike train data, we 
assess the copula-based Granger causality between the 
interspike intervals (ISIs) of the observed neurons. In spe-
cific, consider two simultaneously recorded spike trains X 
and Y, X is assumed to be the target neuron of N spikes, 
whereas Y is the source neuron of M spikes (Fig. 1). Their 
spike times are respectively represented as {TX,1, TX,2, …, TX,N} 
and {TY,1, TY,2,…, TY,M} (black dots in Fig. 1). We denote the 
ISIXX as the interspike intervals for the spike train X, {(TX,2-
TX,1), (TX,3-TX,2) ,…, (TX,N-1-TX,N-2), (TX,N-TX,N-1)}. Similarly, we define 
ISIYX as the interspike intervals between neurons X and Y: 
{(TX,2-TY,1), … , (TX,N-2-TY,M-1), (TX,N-1-TY,M-1), (TX,N-TY,M)}, which are the 
spike timing differences between the spikes in X and their 
immediate preceding spikes in Y. Note that the spikes TX,N-2 
and TX,N-1 in the target neuron X have the same preceding 
spike time TY,M-1 in the source neuron Y. 
    It is conceivable that the probability distribution of ISIXX, 
f(ISIXX), reflects how well the spikes can be predicted from 
their own previous spikes. For instance, if f(ISIXX) is a flat 
distribution such as an uniform distribution, there is no 
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predictability of neuronal firing. In contrast, if f(ISIXX) fol-
lows a peaked distribution, the occurrence of current 
spike firing is highly predictable from the previous 
spikes. As f(ISIXX) represents the predictability, we can use 
f(ISIXX) to approximate ( )present historyf X X   in (1).  As such, 

the Granger causality in (1) can be written as: 

 
( )

( )
( )( )( )

log

log ,

XX YX
Y X

XX

XX YX

f ISI ISI
GC E

f ISI

E c ISI ISI

→

⎛ ⎞⎛ ⎞
⎜ ⎟= ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

=

   (2) 

where c is called the copula of ( , )XX YXf ISI ISI  , which is a 
joint distribution of ISIXX and ISIYX, and satisfies  
( , ) ( , ) ( ) ( )XX YX XX YX XX YXf ISI ISI c ISI ISI f ISI f ISI=  [32]. 
From (2), we can see that the Granger causality be-

tween spike trains can be represented by a simple copula 
function. We have recently developed a practical algo-
rithm to estimate the copula-based Granger causality us-
ing empirical copula with the Bernstein approximation. 
See [29] for implementation details. The statistical signifi-
cance of the Granger causality is assessed by a block boot-
strap method [33], [34], with a block size of 5 being used 
throughout the paper. Other block sizes tested such as 8 
yield the similar results. The use of the block bootstrap is 
to preserve the temporal structure of the original data, 
and thus is a more rigorous test than random permuta-
tion.  

Noise is ubiquitous in neural data. To alleviate the det-
rimental noise effect on to GC estimation, we exploit the 
idea of time-reversed data [35] to enhance the GC estima-
tion. Specifically, if there is Granger causality from a time 
series X to Y, then the temporal dependence should be 
preserved when the temporal order of time series is re-
versed (  X

rev (t) = X (−t),  Y rev (t) = Y (−t) ), that is, Granger 
causality from a time series  Y rev  to  X rev , should be also 
observed. In our implementation, we compute GC for 
both the original and time-reversed spike trains, and then 

combine the estimates via simple averaging to enhance 
GC estimation.  

3 RESULTS 
In this section, we first performed a series of simulations 
to validate the ability of our method capable of capturing 
more complicated causal relationship than the simple 
linear causality in mean. We then evaluated the perfor-
mance of our method by examining the effect of neural 
firing rate on the estimation of Granger causality. Finally, 
we applied our method to neural spiking data obtained 
from primary visual cortex of a monkey performing a 
contour detection task. 

 
3.1 Simulation study 
In this section, we performed a series of four simulations 
to demonstrate that our method is able to capture differ-
ent causal relationships, which include linear causality in 
mean (Model I), linear causality in variance (Model II), 
nonlinear causality in mean (Model III) and nonlinear 
causality in variance (Model IV). To generate the correlat-
ed spike train data, we adopted the technique described 
in [36]. Specifically, we used thresholding to translate a 
multivariate autoregressive process to a multivariate 
point process with predetermined statistical structure. For 
a given model, 100 trials of the simulated spike trains 
with a firing rate of 50 Hz, each 5000 data samples, were 
generated. The statistical significance of GC estimation 
was assessed at p < 0.01. The acceptance rate, i.e., the rate 
for correctly detecting significant Granger causality across 
trials, is used as a measure of performance. For the pur-
pose of illustration, all models designate the causal influ-
ence of XàY, but no causality in YàX. Therefore, as the 
ground truth, the acceptance rate of XàY and YàX over 
trials are 1.00 and 0.00, respectively. 
 
3.1.1 Model I 
We started with a simple model with the linear causality 
in mean from X to Y, as shown below:  

( ) ( ) ( )
( ) ( ) ( ) ( )

1

2

1 0.3 1
1 0.2 0.8 1
x t x t t

y t y t x t t
δ

δ
⎧ + = + +⎪
⎨ + = + + +⎪⎩

 

with innovations ( ) ( )1 2, 0,Nδ δ Σ:  and  
1 0
0 1
⎡ ⎤

Σ = ⎢ ⎥
⎣ ⎦

.  

We applied our method to the spike trains generated 
from this model. Fig. 2 shows a representative example of 
the estimated GCs and the bootstrap GC (p = 0.01). It is 
evident from the figure that our method correctly detects 
the GC of XàY, but not the opposite direction. 

Table 1 shows the acceptance rate over all the trials by 
comparing the estimated significant GCs with the true 
model. Our approach identified a high rate (0.98) of sig-
nificant GC while the negative positive rate was effective-
ly controlled (the error rate of 0.01). 

 
Fig. 1. Spike trains of X and Y, where each black dot denotes a spike 
with its spike time T. To assess causality between spike train data 
(e.g., YàX), the target data (e.g., X) and the source data (e.g., Y) are 
converted into the corresponding interspike intervals: ISIXX ~{(TX,2-TX,1), 
(TX,3-TX,2) ,…, (TX,N-1-TX,N-2), (TX,N-TX,N-1)}; ISIYX ~{(TX,2-TY,1), … , (TX,N-2-TY,M-1), (TX,N-1-
TY,M-1), (TX,N-TY,M)}, to which the copula approach is applied.  

TY,1 TY,M-1 TY,M 

TX,1 TX,2 TX,N-2 TX,N-1 TX,N 

Time 

Spike X 

Spike Y . . .

. . .
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3.1.2 Model II 
Our second model was designed to have the causality of 
XàY through the influence of variance. The model we 
used is given as follows: 

( ) ( ) ( )
( ) ( ) ( ) ( )

1

2

1 0.3 1
1 0.2 0.8 1
x t x t t

y t y t x t t
δ

δ
⎧ + = + +⎪
⎨ + = + × +⎪⎩

 

with  ( ) ( )1 2, 0,Nδ δ Σ:  and  
1 0
0 1
⎡ ⎤

Σ = ⎢ ⎥
⎣ ⎦

.  

    When applied to spike trains generated from this mod-
el, our method is able to correctly detect the Granger cau-
sality from XàY, as shown in Fig. 3 for a typical example. 
The comparison of the acceptance rate of GC estimation 
over all the trials with the ground truth is displayed in the 
Table 2. Our approach identified the acceptance rate of 
0.95, with a tight control of the negative positive rate of 
0.10. 
 
3.1.3 Model III 
Model III represents a nonlinear (quadratic) causal rela-
tionship via the influence of mean: 

( ) ( ) ( )
( ) ( ) ( ) ( )

1
2

2

1 0.3 1
1 0.2 0.8 1
x t x t t

y t y t x t t
δ

δ
⎧ + = + +⎪
⎨ + = + + +⎪⎩

 

with  ( ) ( )1 2, 0,Nδ δ Σ:  and  
1 0
0 1
⎡ ⎤

Σ = ⎢ ⎥
⎣ ⎦

.  

 
Fig. 2. Estimated GC and bootstrap GC (p = 0.01) of a typical trial in 
Model I. It is evident that the GC of XàY is correctly identified in com-
parison with the bootstrap GC at the 1% significant level, whereas the 
GC of YàX is not significant, which is consistent with our model setup. 

TABLE 3 
TRUE AND ESTIMATED ACCEPTANCE RATE OF SIGNIFICANT 

GCS OVER THE TRIALS IN MODEL III 
True Target  Estimated 

 

Target 

X Y X Y 

So
ur

ce
 X 0.00 1.00 

So
ur

ce
 X 0.00 0.99 

Y 0.00 0.00 Y 0.00 0.00 

 

TABLE 2 
TRUE AND ESTIMATED ACCEPTANCE RATE OF SIGNIFICANT 

GCS OVER THE TRIALS IN MODEL II 
True Target  Estimated 

 

Target 

X Y X Y 

So
ur

ce
 X 0.00 1.00 

So
ur

ce
 X 0.00 0.95 

Y 0.00 0.00 Y 0.10 0.00 

 

TABLE 1 
TRUE AND ESTIMATED ACCEPTANCE RATE OF STATISTICALLY 

SIGNIFICANT GCS ACROSS ALL THE TRIALS IN MODEL I 
True Target  Estimated 

 

Target 

X Y X Y 

So
ur

ce
 X 0.00 1.00 

So
ur

ce
 X 0.00 0.98 

Y 0.00 0.00 Y 0.01 0.00 

 

 
Fig. 3. Estimated GC and bootstrap GC (p = 0.01) in a typical trial of 
Model II. Clearly, our method is able to identify the GC only from 
XàY, as shown in the model. 

 
Fig. 4. Estimated GC and bootstrap GC (p = 0.01) in a typical trial of 
Model III. The estimated GC from XàY is statistically significant, but 
not the opposite direction, which in agreement with model construction. 
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Fig. 4 shows the estimated GC and the bootstrap GC (p 
= 0.01) from a typical trial. It is observed that Granger 
causality from X to Y is highly significant whereas 
Granger causality from Y to X is not significant. 
    Over all the trial, we collected the acceptance rate of the 
estimated GC at p < 0.01. The results are presented in Ta-
ble 3 with a comparison to the true model. Again, our 
approach detected the acceptance rate of 0.99, and pro-
vided excellent negative positive control with zero error 
rate. 
 
3.1.4 Model IV 
Model IV represents a rather complicated nonlinear caus-
al relationship as the causal influence of XàY is generat-
ed through the second-order moments (variance), on 
which the quadratic transformation is also imposed: 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1

2 2
2

1 0.3 1

1 0.2 0.8 1

x t x t t

y t y t x t y t t

δ

δ

⎧ + = + +⎪
⎨

+ = + + × +⎪⎩
 

with  ( ) ( )1 2, 0,Nδ δ Σ:  and  
1 0
0 1
⎡ ⎤

Σ = ⎢ ⎥
⎣ ⎦

.  

We applied our method to the spike trains generated 
from the model, with a typical example shown in Fig. 5.  
We can see that the estimated GC is still significant, but 
the difference between the estimated GC and the boot-
strap GC (p = 0.01) becomes smaller than those shown in 
previous models. In other words, it becomes harder to 
detect the GC when the model involves more complicated 

nonlinear causal relationship. Such an observation is sub-
stantiated by computing the acceptance rate across all the 
trials, which is only 0.95 with the negative positive rate of 
0.18, as shown in Table 4. 

Throughout these extensive simulations, we observed 
that our copula based Granger causality is able to detect 
not only the linear causal relationship, but also nonlinear, 
high-order causality. In next section, we will examine to 
what extent the GC detection is affected by the change of 
spike firing rates. 
 
3.2 Performance evaluation  
To evaluate the performance of our algorithm, we sys-
tematically investigated the effect of firing rate of spike 
trains and the effect of mixed noise on GC estimation. We 
specifically tested the performance gain of the time-
reversed GC as compared to regular GC. For each simu-
lated model, 100 trials of spike train time series, each of 
5000 data samples, were generated. The GC was estimat-
ed for each trial with statistical significance tested at p < 
0.01 by the block bootstrap procedure, as described in 
Methods section. True positive rate was calculated as the 
proportion of significant XàY GC across all the trials, 
whereas the false positive rate was referred as the opposite 
direction, i.e., the proportion of significant YàX GC.  
 
3.2.1 Effect of firing rate on GC estimation 
The aim of this simulation was to examine the robustness 
and performance of our approach with the varying firing 
rate of spike trains. Model I in the Simulation above was 
used to generate the simulated data, where we systemati-
cally changed the spiking threshold [36] to obtain the 
spike trains with different firing rates such as 5Hz, 10 Hz, 
20 Hz, 30 Hz, 40 Hz and 100 Hz. Fig. 6 shows the results, 
where the detection rate including both true positive rate 
and false positive rate of our approach changes as a func-
tion of the firing rate. Overall, we observed the perfor-
mance improvement with the time-reversed GC when 
comparing with the regular GC. In addition, our results 

 
Fig. 6. Dependence of true positive rate (black) and false positive rate 
(grey) on the spiking rate for regular GC (dashed lines) as compared to 
the time-reversed GC (solid lines). In general, the time-reversed GC 
yields better performance than the regular GC.  

 
Fig. 5. Estimated GC and bootstrap GC (p = 0.01) in a typical trial of 
Model IV. The true causality from XàY is correctly recovered by our 
method, while the GC of YàX falls below the significance level. 

TABLE 4 
TRUE AND ESTIMATED ACCEPTANCE RATE OF SIGNIFICANT 

GCS OVER ALL THE TRIALS IN MODEL IV 
True Target  Estimated 

 

Target 

X Y X Y 

So
ur

ce
 X 0.00 1.00 

So
ur

ce
 X 0.00 0.95 

Y 0.00 0.00 Y 0.18 0.00 

 

0 20 40 60 80 100

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Firing rate (Hz)

D
et

ec
tio

n 
ra

te

 

 

True positive (regular)
False positive (regular)
True positive (reverse)
False positive (reverse)

X−>Y Y−>X
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

G
ra

ng
er

 c
au

sa
lit

y

 

 

Estimated GC
Bootstrap GC (p = 0.01)



1545-5963 (c) 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TCBB.2014.2388311, IEEE/ACM Transactions on Computational Biology and Bioinformatics

6 IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS 

 

indicate that the firing rate of about 20 Hz is required for 
the spike train data in the simulated model to achieve 
more than 80% true positive rate while maintaining a 
lower false positive rate.  
 
3.2.2 Noise effect on GC estimation 
To evaluate the performance of the proposed method 
against different levels of noise, we generated the noise-
contaminated synthetic data as   r *signal + (1− r)* noise,  
where the value of r, between 0 and 1, controls the pro-
portion of the signal and noise, leading to the signal-to-
noise ratio (SNR). The signal represents, either X or Y, that 
is generated by Model I in the above Simulation, whereas 
the noise is correlated, linearly mixed from random 
Gaussian noise. Spike trains were obtained via threshold-
ing the synthetic data. We note that this linearly mixed 
noise, distinct from the innovations in Model I, is used to 
simulate the measurement noise in the neural recordings. 
Fig. 7 shows the GC detection rate as a function of the 
SNR level for both regular GC and the time-revrsed GC. 
It is evident that that the time-revrsed GC outperforms 
the regular GC while maintaining a similar, low false pos-
itive rate. This simulation demonstrates great potential 
for the time-revrsed GC in the presence of additive noise.  

All above results, taken together, demonstrate that the 
proposed approach is indeed an effective and robust 
measure for detecting causality in neuronal spiking 
trains. 
 

3.3 Results for Experimental Data 
To illustrate the application of the proposed method to 
experimental data, neural spike trains simultaneously 
recorded from the primary visual cortex (V1) of a behav-
ing monkey performing a visual contour detection task 
were analyzed. Details of the experimental methodology 
that was implemented to collect the neural activity used 
for the following analysis are available elsewhere [30]. 
Briefly, a macaque monkey was trained to detect visual 
contours formed by collinear bars embedded in a back-

ground of randomly oriented bars (See Fig. 8A and B for 
examples of the stimuli). The task started with an initial 
fixation period of 300 ms, followed by the 500 ms stimu-
lus presentation. After a 300 ms blank delay period, the 
monkey was rewarded for making a saccadic eye move-
ment within 800 ms to the location of contour pattern. 
Neural recordings were made via chronically implanted 
multielectrode arrays in V1, and neural spikes were ob-
tained via offline sorting, and saved at the sampling rate 
of 1 KHz. 

The data set includes 12 simultanously recorded neu-
rons from 3 sessions, each 74 trials. Our analyses were 
based on the stimulus-evoked spiking activity during the 
500-ms-long stimulus presentation period. Depending on 
whether the embedded contour passed through the neu-
ron’s receptive field, the V1 recording sites were divided 
into the on-the-contour neurons (V1-ON) or the off-the-
contour neurons (V1-OFF).  

In this work, we examined the causal influence both 
within and between the V1-ON neurons and V1-OFF neu-
rons by comparing the noise stimulus (1-bar, Fig.8A) to 
the contour pattern (7-bar, Fig.8B). The nonparametric 
Wilcox rank sum test was employed to test the signifi-
cance of GC difference. For neurons within the same 
group, either the V1-ON or the V1-OFF, Granger causality 
in two directions for a pair of neurons were estimated and 
then combined to represent the causal influence within 
the group. When computing the Granger causality of 
neurons between different groups (V1-ON and V1-OFF), 
the firing rates are different, thus confounding the GC 
estimation. To correct this confound, we simply matched 

                      
Fig. 8. Sample stimuli and estimated Granger causality. (A) 1-bar 
noise stimulus. (B) 7-bar contour pattern. (C) GC of neurons on 
the contour (GC within V1-ON),  (D) GC of neurons off the contour 
(GC within V1-OFF), (E) GC of neurons from V1-ON à V1-OFF, 
and (F) GC of neurons from V1-OFF à V1-ON. The errorbars 
denote the standard error of mean. All comparisons of GC be-
tween 1-bar (black) and 7-bar (grey) are statistically significant at 
p < 0.05 (Wilcox rank sum test). 

 
Fig. 7. Dependence of true positive rate (black) and false positive rate 
(grey) on the SNR level for regular GC (dashed lines) as compared to 
the time-reversed GC (solid lines). Cleary, the time-reversed GC out-
performs the regular GC while keeping similar low false positive rates. 
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the number of spikes between two neurons via a Monte 
Carlo method [37], and then computed the rate-adjusted 
Granger causality. Fig. 8, C and D, shows the Granger 
causality between neurons within the V1-ON and within 
the V1-OFF, respectively.  We observed significant con-
tour-related GC reduction (7-bar) for V1 on-contour neu-
rons (V1-ON), as compared with the noise stimulus (1-
bar), whereas for neurons on the background (V1-OFF) 
contour-related GC was significantly enhanced (p < 0.05). 
These results indicate that there are distinct intracortical 
interactions intricately involved in contour integration for 
V1 neurons on the contour and on the background. 

To examine the causal influence between the V1-ON 
and the V1-OFF neurons, we compared the rate-adjusted 
Granger causality for the contour pattern (7-bar) to the 
noise stimulus (1-bar).  The Granger causality from the 
V1-ON to V1-OFF is shown in Fig. 8E, whereas the GC for 
the opposite direction is shown in Fig. 8F. Interestingly, 
the contour-induced GC changes between V1-ON and 
V1-OFF are significantly reduced in both directions (p < 
0.05), a result consistent with our recent findings obtained 
by conventional Granger causality analysis [30]. The re-
sults suggest that V1 is intimately involved in contour 
integration in which intracortical information flows play 
an important role. 

4 DISCUSSION 
We have proposed a copula-based Granger causality 
measure for the analysis of neural spike train data. The 
method is built upon our recent work on copula Granger 
causality for the analysis of continuous-valued time series 
[29], thus can be seen as a natural extension to point-
process neural spike train data. Such extension has al-
lowed us to detect nonlinear and high-order causality 
between the interspike intervals of the observed neurons, 
as demonstrated by extensive simulations. We also 
showed the improvement of GC estimation with time-
reversed data. We finally applied our method to neural 
spiking activity simultaneously recorded from primary 
visual cortex of a monkey performing a contour detection 
task [30]. The results suggest that V1 intracortical infor-
mation flows play a key role in contour integration.   

Copula is a general statistical framework for the analy-
sis of multivariate data, with increasing use in statistics 
and machine learning [38], [39], [40], [41]. It allows one to 
estimate marginal distributions separately from the mul-
tivariate dependence structure (copula) that links them 
together into a density model [42]. Therefore, copula pro-
vides a flexible framework to construct a statistical model 
by considering, separately, the univariate behavior of the 
underlying marginals and the dependence structure spec-
ified by some copula [32], [42]. In this work, we compute 
the empirical copula directly from the data, thus capable 
of capturing different dependence structures between a 
pair of neurons. Yet it is rather challenging to estimate 
copula in higher dimensions. Vine copula [43] offers a 
promising solution to high-dimensional problems, which 
is a graphical model that decomposes any multivariate 
copula into a hierarchy of bivariate copulas with the as-

sumption of conditional dependency on other variables. 
Though, in some cases, it can be misleading when ignor-
ing conditional dependencies [44].   

Our copula GC is based on the likelihood ratio statis-
tics, which follows asymptotically a chi-squared distribu-
tion. This property is attractive for statistical test as it is 
computationally efficient. When performing a set of sta-
tistical inferences simultaneously to detect statistically 
significant causal interactions among all possible interac-
tions, multiple hypothesis testing problems arise. The use 
of the chi-squared test could therefore lead to an unac-
ceptably large number of false causal interactions (false 
positives) where the null hypothesis is more likely to be 
incorrectly rejected. In addition, the chi-square test is sen-
sitive to sample size; the sensitivity of chi-square to sam-
ple size may make a weak relationship statistically signif-
icant if the sample is large enough. Given these considera-
tions, we advocate the use of the nonparametric 
resampling procedure to build a baseline null-hypothesis 
distribution from which statistical significance can be de-
rived. Specifically, we use the block bootstrap [33], [34] to 
assess the statistical significance of the copula GC. This 
procedure, though computational expensive, can preserve 
the temporal structure of the original data, and thus pro-
vides a more powerful control of false positives than the 
chi-square test. 

When evaluating the Granger causality of spike trains, 
we have observed the dependence of GC on the spike rate 
and the noise level. Therefore, the difference in firing 
rates between neurons can confound the GC estimation 
and render the between-condition comparison inaccurate. 
One way to correct for this confound is the so-called 
“thinning” procedure [37] where the neuron with higher 
spike rate is reduced to match that of lower spike rate. 
This procedure assumes the point process lacks history 
dependence, and requires the random removal of spikes 
from the observed point process. While the statistical 
properties of this procedure have not been thoroughly 
investigated, it is evident that the removal of spikes inevi-
tably removes information from the data. Future work 
should develop accurate rate-adjusted GC to facilitate the 
between-condition comparison. On the other hand, GC 
estimation can be strongly affected by noise, particularly 
the correlated noise. Although spike trains are thought of 
being less affected by correlated noise than continuous 
time series such as EEG, we do observe considerable 
noise effect on GC estimation. To mitigate the noise influ-
ence, we used the time-reversed data to improve the ro-
bustness of GC estimation. The basis for doing so is due 
to the intuitive idea that the direction of information flow 
should be switched into opposite direction when all the 
signals are reversed in time. 

    For the analysis of neural spike trains where the de-
pendence structures underlying the data are usually un-
known and sometimes can be even complicated, our 
method is preferred. The major advantage of our method 
over the linear model-based GC is that it is model-free, 
thus can afford to reveal nonlinear, high-order causality. 
We note, however, that our method is based on spike 
train representation of ISIs, which assumes that the pres-
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ence of dependencies between ISIs of the observed neu-
rons reflects the existence of connections in the network.  
The ISI-based GC calculation requires sufficiently fine 
sampling such that at most one spike per sampling inter-
val is observed. Typically, the time resolution of 1 ms is 
chosen due to the refractory period of neurons. In the 
current implementation, our construction of ISIs within 
and between neurons is only based on immediate preced-
ing spikes. Our method can be extended by incorporating 
earlier history spikes into the ISIs to study durable effect 
in spiking dependence. A further step for the analysis of 
spike trains with copula will be to directly model spike 
timing based on generalized linear model in which the 
spiking probability of a neuron can be related to its own 
spiking history and the recent history of other neurons etc 
[45].  
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